In this paper, we further investigate properties of generalized bent Boolean functions from Z n p to Z p k , where p is an odd prime and k is a positive integer. For various kinds of representations, sufficient and necessary conditions for bent-ness of such functions are given in terms of their various kinds of component functions. Furthermore, a subclass of gbent functions corresponding to relative difference sets, which we call Z p k -bent functions, are studied. It turns out that Z p k -bent functions correspond to a class of vectorial bent functions, and the property of being Z p k -bent is much stronger then the standard bent-ness. The dual and the generalized Gray image of gbent function are also discussed. In addition, as a further generalization, we also define and give characterizations of gbent functions from Z n p l to Z p k for a positive integer l with l < k.
Introduction
Throughout this paper, let Z p t be the ring of integer modulo p t and Z n p t be a free module over Z p t with rank n, where p is a prime and t and n are positive integers. If x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ) are two elements of Z n p t , we define their inner product by x · y = n i=1 x i y i (mod p t ) (without cause of confusion, we always omit "mod p t " in the sequel). For a complex number z = a + b √ −1, the absolute value of z is |z| = √ a 2 + b 2 andz = a − b √ −1 is the complex conjugate of z, where a and b are real numbers.
A function from Z n p to Z p k is called a generalized Boolean function on n variables, the set formed by which is denoted by GB 
for any u ∈ Z 
We call the function f gbent if |H f (u)| = 1 for all u ∈ Z Currently there is a lot of research regarding constructions and analysis of gbent functions both in even and odd characteristic; see for instance [4, 5, 7, 8, 9, 10, 11, 12, 14, 15] . In [11] , Schmidt proposed the gbent functions from Z n 2 to Z 4 , which can be used to constant amplitude codes and Z 4 -linear codes for CDMA communications. Later, gbent functions from Z n 2 to Z 8 and Z 16 were studied in [12] and [8] , respectively. Recently, a generalization of bent functions from Z n 2 to Z q , where q ≥ 2 is any positive even integer, have attracted much more attention. Existence, characterizations and constructions of them were studied by several authors [4, 7, 10, 14] . A generalization to the odd characteristic case were also given by the authors [15] in a recent work, and gbent functions from Z n p to Z p k for an odd prime p were studied.
In this paper, we further investigate properties of gbent functions from Z n p to Z p k in the odd characteristic case. Firstly, for various kinds of representations, sufficient and necessary conditions for gbent functions are given in terms of their various kinds of component functions. Secondly, we emphasize that a gbent function conceptually does not correspond to a bent function, since in the definition of generalized Walsh-Hadamard transform not all characters of Z n p × Z p k are considered. Thus, in general, a gbent function does not give rise to a relative difference set. For this reason we extend the definition and introduce the term of Z p k -bent function. We call a function f ∈ GB
has absolute value 1 for all u ∈ Z n p and all nonzero a ∈ Z p k . The property of being Z p k -bent is much stronger then the standard concept of bent-ness. Therefore, Z p k -bent functions seem not easy to obtain. However, we give a construction using partial spreads.
In addition, from the result of [15] , we know that for gbent function f ∈ GB
if n is even or n is odd and p ≡ 1(mod 4),
if n is odd and p ≡ 3(mod 4). Similar as in [2] , we also call this f * the dual of the gbent function f . Note that this definition is much more formal, since f may not be (weakly) regular (this is because + and − may appear in H f (u) for different u). We emphasis that when f is non-(weakly) regular, f * may not be a gbent function. Anyway, we can explicitly determine f * in terms of the dual of component functions of f .
Furthermore, every function in GB At last, we also further generalize our study of gbent functions in GB The rest of this paper is organized as follows, In Section 2 we give some preliminary results which will be used later. Some different descriptions for a function in GB 
Preliminaries
In this section we will give some results on cyclotomic fields, which will be used in the following sections. Firstly, we state some basic facts on the cyclotomic fields K = Q(ζ p k ), which can be found in any book on algebraic number theory, for example [16] .
Let O K be the ring of integers of 
Therefore, the set P (K) of all principle fractional ideals is a subgroup of I(K). Some results on K are given in the following lemmas.
Lemma 2.2 (see [6] ). For a positive integer q,
Lemma 2.3 (see [15] ).
if n is odd and p ≡ 3(mod 4).
Lemma 2.4. Let k is a positive integer and a ∈ Z p t . Then
In fact, we know that
where I p t stands for the identity matrix of size p t . Define now a collection of maps from C to itself by setting 
. . .
Furthermore, according to (3), we have, for any z ∈ C, 
Then plugging (4) into (5), we have
Setting z = ζ p k and plugging it into (6), we get 
i.e.,
It is well known that {1,
(ii). Suppose there exists
, which is a contradiction. Therefore,
Similarly as in (i), b ij and c ij equal to 0 for all 0 
p t , where the coefficients can form a non-singular matrix over Q(ζ p t ), by Lemma 2.6. So {γ a |a ∈ Z l−1
Proof. Obvious. 
More characterizations for gbent functions
In this section, we give more characterizations for gbent functions in GB p k n , extending the work in [15] .
for some p-ary Boolean functions a i :
where
Proof. By the definition of generalized Walsh-Hadamard transform, we have
This completes the proof.
where a i , g and h are defined as in Lemma 3.1. Then f is gbent if and only if for any u ∈ Z n p and c ∈ Z p t , there exist some d ∈ Z p t and j ∈ Z p k−t such that
if n is even or n is odd and p ≡ 1(mod 4), ± √ −1ζ
if n is odd and p ≡ 3(mod 4),
for every c ∈ Z p t , and j and d only depend on u and f .
Proof. If n is even or n is odd and p ≡ 1 (mod 4), then H f (u) = ±ζ i p k , for some 0 ≤ i ≤ p k − 1, by Lemma 2.3. Hence, H f (u) can be expressed as
where γ c =
Therefore,
Combining (7) with (8), we can get
Since h+cp k−2t g ∈ GB p k−t n , it is absolutely that H h+cp k−2t g (u) ∈ Q(ζ p k−t ) in the case of n is even or n is odd and p ≡ 1 (mod 4). We note that {1, ζ p k , · · · , ζ
Based on the above discussions and (9), we can get
If n is odd and p ≡ 3 (mod 4), then 
Similar as before, we can get
p t , and denote
Then f is gbent if and only if g c is gbent in GB 
if n is odd and p ≡ 3(mod 4), where j and d only depend on u and f . Note that g c = h + cp k−2t g, then it is easy to see that the claim holds.
Assume the result is true for some s satisfying (s + 1)t ≤ k, i.e., for all c ∈ Z s−1 p t , and
There exist some d ∈ Z s−1 p t and j ∈ Z p k−(s−1)t such that
if n is odd and p ≡ 3(mod 4), where d and j only depend on u and f . We show that the result also holds for s + 1. Note that (10) can be expressed by
Note that g c ∈ GB
, by Theorem 3.1, g c is gbent if and only if for any u ∈ Z n p and c ∈ Z p t , there exist some d ∈ Z p t and j ′ ∈ Z p k−st such that
if n is odd and p ≡ 3(mod 4), where j ′ and d only depend on u and g c . This completes the proof.
p , and denote
Then f is gbent if and only if g c is gbent in GB Proof. The result follows by setting t = 1 in Theorem 3.2.
Note that the last equality holds by Lemma 2.7. Then the result follows.
where Proof. If n is even or n is odd and p ≡ 1 (mod 4), then
, where 0 ≤ j ≤ p t − 1, and let
Further, note that k = lt, d can be expressed by
. By Lemma 2.6, we have
Combining (11) with (12), we can get
in the case of n is even or n is odd and p ≡ 1 (mod 4). We note that {1, ζ p k , . . . , ζ
} is a basis of Q(ζ p k ) over Q(ζ p t ) by condition (i) of Lemma 2.5. So, {γ c |c ∈ Z l−1 p t } is also a basis of Q(ζ p k ) over Q(ζ p t ) by Remark 2.4. Based on the above discussions and (13), we can get
Similar as before, we can get 4 Z p k -bent functions, vectorial bent functions and relative difference sets
We recall that a Z p k -bent function is a function from Z n p to Z p k , for which
has absolute value 1 for every u ∈ Z n p and nonzero a ∈ Z p k . Firstly, we have the following proposition for Z p k -bent function.
For the converse, let a = p t z, for 0 ≤ t ≤ k − 1 and (z, p) = 1. We have to
which has absolute value 1.
Let σ ∈ Gal(Q(ζ p k−t )/Q) and σ(ζ p k−t ) = ζ z p k−t . Then we have
where z ≡z (mod p). Note that (z, p) = (z, p) = 1, as u runs through the elements of Z In addition to applications in cryptography, one motivation for considering bent functions is their relation to objects in combinatorics. In the following, we point out a relation between relative difference set and Z p k -bent functions. Firstly, we recall the definition of a relative difference set. Let G be a group of order uv, Let N be a subgroup of G of order v and let R be a subset of G of cardinality k. Then R is called a (u, v, k, λ)-relative difference set of G relative to N , if every element g ∈ G \ N can be represented in exactly λ ways as difference r 1 − r 2 , r 1 , r 2 ∈ R, and no nonzero element of N has such a representation.
Relative difference set can be described by characters as follows. 
